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Abstract
Mechanical system remaining useful life (RUL) prediction accuracy is often influenced by
uncertain factors such as individual differences, degradation volatility, and failure threshold
(FT) randomness. Current age- and state-dependent Wiener process models (WPMs) are
implemented by considering only the constant diffusion coefficient and fixed FT, which are
difficult to apply in practical engineering. To address this problem, a generalized approach is
proposed for RUL prediction by considering the multi-source uncertainty of mechanical
systems. In this approach, an improved age- and state-dependent WPM is proposed by
introducing a unit-to-unit variability-included diffusion coefficient, and the model parameters
are estimated by a modified artificial bee colony algorithm-based maximum likelihood
estimation. After that, the two unit-to-unit variability parameters are synchronously updated by
using an adaptive Kalman filter. And then, the probability density function of RUL is
approximated by the degradation process simulation method under the condition that the
random FT follows a truncated normal distribution. The effectiveness of the proposed method is
verified experimentally, and the results show better prediction accuracy than commonly used
models, which offers an alternative solution for RUL prediction of mechanical systems.

Keywords: Wiener process model, remaining useful life prediction,
multi-parameter optimization, random failure threshold
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1. Introduction

Remaining useful life (RUL) prediction is a significant com-
ponent of prognostics and health management (PHM) [1–3].
Currently, two types of methods, physical model-based and
data-driven, are often used for RUL prediction. The phys-
ical model is developed based on the failure mechanism,
which allows for a precise description of a machine’s degrad-
ation process [4, 5]. Although physical model-based meth-
ods can effectively predict the RUL, with an increase in
mechanical complexity, obtaining an accurate physical model
becomes increasingly difficult and time-consuming. Owing
to the development of Internet of Things technology, data-
driven methods have received increasing attention in recent
years [6]. Data-driven methods can be broadly classified into
two types: stochastic process- and machine learning-based
methods. Machine learning can predict RUL by autonom-
ously learning the mapping relationship between condition
monitoring (CM) data and failure time. With the acquisition
of big data, relevant techniques have been widely applied
to RUL prediction, and both the accuracy and uncertainty
have been discussed. For example, Peng et al [7] developed a
Bayesian deep-learning-based method to quantify uncertainty.
Chen et al [8] designed a prediction interval and used a bid-
irectional long short-termmemory network to obtain the distri-
bution interval of RUL. To quantify the prediction uncertainty.
Liu et al [9] proposed a novel loss function that allows the deep
learning model to output the prediction variance. However,
the obtained uncertainties heavily depend on the designed
regularization techniques [10]. Since machine-learning-based
methods primarily focus on minimizing the prediction error,
which makes it challenging to fully capture the multi-source
uncertainty inherent in the degradation process. By contrast,
stochastic process models have a natural advantage in quanti-
fying uncertainty.

In the field of RUL prediction, the Wiener process model
(WPM) is one of the most widely used models due to its great
physical interpretability andmathematical characteristics [11].
In general, the WPM consists of a drift term and a diffu-
sion term, which reflect the degradation trend and volatility,
respectively. WPM-based methods predict RUL by fitting the
degradation pattern of the health state and extrapolating it to
the failure threshold (FT). Therefore, it is important to accur-
ately describe the actual degradation process for prediction
accuracy. Traditional WPMs are age-dependent, which have
good computational properties and have been well studied.
For example, Liu et al [12] replaced the drift function with
an artificial neural network to improve the fitting effect. Yang
et al [13] considered both individual difference and measure-
ment error to improve the prediction accuracy. Zhang et al [14]
introduced a dynamic covariate to describe the dynamic and
stochastic operating conditions.

However, age-dependent models can provide precise RUL
prediction results when the degradation process is driven only
by time. In fact, practical degradation processes are often influ-
enced by both the system’s age and current state, which has
been demonstrated in various materials [15–17]. Zhang et al

[18] first studied the application of an age- and state-dependent
WPM in RUL prediction. Based on this model, Li et al [19, 20]
developed model update and RUL probability density func-
tion (PDF) calculation methods to improve prediction accur-
acy. Pang et al [21] quantifies and estimates the uncertainty
caused by measurement errors. Zhai et al [22] constructed a
two-scale WPM of age and usage, which fits better than the
single-scale model. He et al [23] replaced the explicit drift
coefficient with a neural network to better capture the degrad-
ation features from CM data. In the above models, the diffu-
sion coefficient is simplified to a constant. In practice, the sta-
bility of a mechanical system usually decreases with degrad-
ation development, which not only leads to an increase in the
degradation rate, but also increases the degradation volatility.
However, the constant diffusion coefficient cannot describe
the dynamic characteristics of the volatility. From the per-
spective of the correlation between the volatility and rate, Ye
et al [24] established a diffusion coefficient that was positively
correlated with the degradation rate, and verified the superior-
ity of the model using fatigue crack propagation data. Wang
et al [25] established a quantitative relationship between the
drift and diffusion coefficients, but the rigorous proof applies
only to the basic Wiener process. Wang et al [26] further pro-
posed a revised scaling relation suitable for the drift term of
power functions. Considering the time-varying feature of the
volatility, Zhang et al [27] proposed a diffusion term with his-
tory dependence. Ge et al [28] added a thick-tailed distribution
term to describe the additive errors in the true degradation path.
Zhou et al [29] further considered the rate dependence and
time variability of the volatility simultaneously. Nevertheless,
due to differences in manufacturing and assembly processes,
monitoring equipment and working environment, volatility
can also vary among different individuals [30, 31]. Current
studies neglect this factor and are mostly based on tradi-
tional WPMs, which, as discussed earlier, have limited fitting
capability.

Moreover, it is important to note that these prediction meth-
ods discussed above ignore random FT (RFT). Due to vari-
ous uncertainties in both the degradation and monitoring pro-
cess of a mechanical system, it is difficult to determine a pre-
cise FT [32, 33]. Therefore, the RFT is a critical factor that
must be considered in practice. Tang et al [34] used the linear
degradationmodel to deduce the RULPDF under the truncated
normal distribution by considering the non-negativity of FT.
On this basis, Wang et al [35] derived the RUL PDF formula
based on the nonlinear WPM. Wang et al [36] constructed a
RFT based on the degradation model to reduce the observa-
tion error. Although researchers have considered the RFT in
RUL prediction, most of these only studies the age-dependent
degradation processes.

As discussed above, although current age- and state-
dependent WPM-based methods have shown different levels
of success in RUL prediction, these models are implemen-
ted by only considering the constant diffusion coefficient, or
ignoring the uncertainty effects of the FT, which severely lim-
its their practical applications. To address these problems, a
systematic framework is established in this study for the RUL
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prediction of rotary machinery systems, and the main contri-
butions are as follows.

(1) To enhance the practicality of the model, an improved age-
and state-dependent WPM is proposed by introducing a
novel time-varying diffusion coefficient which contains a
unit-to-unit variability parameter.

(2) To address the shortcomings of existing methods, a
maximum likelihood estimation (MLE) based on an
improved artificial bee colony (IABC) algorithm is pro-
posed for multi-parameter estimation. Subsequently, an
adaptive Kalman filter (AKF) is introduced to update
both unit-to-unit variability parameters without assum-
ing a predefined quantitative relationship between
them.

(3) The RFT is introduced in the proposed method, and the
closed-form solution of the RUL PDF is derived and
approximately calculated under the RFT that follows a
truncated normal distribution.

The rest of this paper is organized as follows. After a brief
introduction to the age- and state-dependentWPM, the general
expression of the improved model is proposed in section 2.
Section 3 introduces the processes of parameter estimation,
parameter updating and RUL estimation under the RFT that
follows a truncated normal distribution. In section 4, the per-
formance of the proposed model is evaluated by using two
experimental datasets. Finally, concluding remarks are presen-
ted in section 5.

2. Degradation model

Let {x(t) , t⩾ tm} represent the degradation process of a
stochastic system. By using the framework of the age-
and state-dependent WPM, the general expression of
{x(t) , t⩾ tm} can be expressed as follows:

x(t) = xm+
ˆ t

tm

µ(x(τ) , τ)dτ +
ˆ t

tm

σ (τ)dB(τ) , (1)

where x(t) is the state at time t, with t⩾ tm, tm is the initial
time of the degradation process, and xm is the state at time tm;
µ(x(τ) , τ) is the coefficient function of the drift term, which
may depend on the age and state of the system; σ (τ) is the dif-
fusion coefficient; B(τ) is a standard Brownian motion (BM)
process.

Current age- and state-dependentWPMs consider the diffu-
sion coefficient to be constant, which may constrain their prac-
tical applications. Although an adaptive diffusion coefficient
was revealed by Wang et al [37], the proposed quantitative
relationship between the diffusion coefficient and drift coef-
ficient is limited by the basic age-dependent WPM and some
specific assumptions. To overcome this constraint, this study
introduces an additional unit-to-unit variability parameter into
the diffusion term, and the improved age- and state-dependent

Figure 1. Process of the proposed RUL prediction method.

WPM is proposed as follows:

x(t) = xm+α

ˆ t

tm

Λ(x(τ) , τ ;θ)dτ

+β

ˆ t

tm

σ (τ ;θ)dB(τ) , (2)

where Λ(x(τ) , τ ;θ) and σ (τ ;θ) are the drift and diffusion
coefficient functions, respectively; α and β are the unit-to-unit
variability parameters, which are used to reflect the differences
between individuals; θ is the parameter vector composed of
fixed parameters, which can reflect the consistent degradation
features among the same systems.

2.1. RUL prediction

For practical applications, the proposed model should be
implemented in the following three steps. First, historical
degradation data must be employed in this model for unknown
parameter estimation. Then, new observations from the on-site
system are required to update the model parameters. Finally,
the RUL PDF is calculated by using the adjusted model in
step two. Figure 1 shows a flowchart of the proposed method,
and the detailed process is elaborated upon in the following
sections.
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2.2. Parameter estimation

Degradation models are often discussed in the continuous
time domain. However, the degradation monitoring process
of a mechanical system is described in the discrete time
domain. Thus, the proposed model given by equation (2)
should be discretized before parameter estimation. Suppose
that there are N training specimens {xn}Nn=1, and xn =
[xn,1, · · · , xn,m, · · · ,xn,Mn ]

T are the state observation values
of the n th specimen at time tn,1, · · · , tn,m, · · · , tn,Mn , where
Mn is the number of observations in the n th specimen.
Since the drift term of the degradation model may be
related to the state, the Euler discretization method [38]
is introduced to approximate the degradation model in this
study.

After discretizing, the state degradation amount ∆xn,m can
be expressed as

∆xn,m = αnΛ(xn,m, tn,m;θ)∆tn,m+ ζn,m, (3)

where ∆tn,m = tn,m+1 − tn,m is the time interval between
two adjacent observations, ζn,m ∼ N

(
0,β2

nκ
2
n,m

)
, with κ2

n,m =´ tn,m+1

tn,m
σ2 (τ ;θ)dτ .

Let ∆xn = [xn,2 − xn,1, · · ·xn,Mn − xn,Mn−1]
T. According to

the property of the Wiener process [39], ∆xn follows a mul-
tivariate normal distribution N

(
αnTn,β2

nΩn
)
, with

Tn = [Tn,1, · · · ,Tn,m, · · · ,Tn,Mn−1]
T
, (4)

Ωn = diag
([
κ2
n,1, · · · ,κ2

n,m, . . . ,κ
2
n,Mn−1

])
, (5)

where Tn,m = Λ(xn,m, tn,m;θ)∆tn,m, Ωn denotes a Mn− 1
dimensional diagonal matrix, and its main diagonal is
[κ2

n,1,κ
2
n,2, . . . ,κ

2
n,Mn−1].

The unknown parameters
{
α1, . . . ,αN,β

2
1 , . . . ,β

2
N,θ
}

are estimated by using the historical data. Let x=
{∆x1,∆x2, . . . ,∆xN} represent the degradation data of all
training specimens, then the log-likelihood function of x can
be expressed as

l(x) =− ln(2π )
2

N∑
n=1

(Mn− 1)− 1
2

N∑
n=1

(Mn− 1) ln
(
β2
n

)
− 1

2

N∑
n=1

ln |Ωn|

− 1
2

N∑
n=1

(∆xn−αnTn)
T
Ω−1
n (∆xn−αnTn)
β2
n

. (6)

Let the first-order partial derivatives of equation (6) with
respect to αn and βn equal to 0. The estimation results can be
calculated as

α̂n =
Tn

TΩ−1
n ∆xn

Tn
TΩ−1

n Tn
, (7)

β̂2
n =

(∆xn−αnTn)
T
Ω−1
n (∆xn−αnTn)

Mn− 1
. (8)

Substituting equations (7) and (8) into equation (6), it is
found that the log-likelihood function equation (6) is related
only to θ. Since solving the expressions for other paramet-
ers, especially those in nonlinear terms, is difficult, derivative-
free optimization algorithms are usually utilized to solve this
problem, such as the Nelder–Mead algorithm [40]. However,
this method is often used for unconstrained problems and for
simple models. Because of its sensitivity to initial conditions
and inefficiency in high-dimensional spaces [41], it is imprac-
tical for complicated nonlinear models with multiple para-
meters. In addition, potential constraints on the parameters
may result from considering the effects of multiple influen-
cing factors. For example, the growth rate of a fatigue crack
should be positively correlated with its current length [42],
which means that the coefficient of the state term should be
nonnegative. Therefore, this study introduces an artificial bee
colony (ABC) algorithm [43] to search θ, which is further
improved for this problem. The specific estimation process is
as follows.

Firstly, a series of solutions
{
θ0
n

}Nt
n=1

is generated randomly

from an initial search space, where Nt is the number of solu-
tions. It should be noted that this space is not strongly con-
fined, and the search capability can be artificially controlled.
The generation rule is

θ0n,d = Ld+ o(Ud−Ld) , (9)

where d= 1, 2, · · · ,D, and D is the number of unknown para-
meters; o is a random variable drawn from the uniform distri-
bution U(0,1); Ud and Ld are the upper and lower bounds of
the search space.

The search mechanism has a significant impact on
the performance of the algorithm. To accelerate the con-
vergence speed, the standard search mechanism can be
improved [44, 45], such as

θ ′in,s =

{
θi−1
n,s + ρn,s ·

(
θi−1
n,s − θi−1

best,s

)
, p< SP

θi−1
n,s +ϕ n,s ·

(
θi−1
n,s − θi−1

r,s

)
, p⩾ SP

, (10)

where s is an index that specifies the parameter that needs to be
searched in the i th iteration; θbest is the optimal solution; p∼
U(0,1); SP is the selection probability; r ∈ {1, 2, · · · ,Nt}, and
r ̸= n; ρ∼ U(−u,0) and ϕ ∼ U(−u,u), where u is the dis-
turbance amplitude.

In general, a specified number of parameters are randomly
selected to update each time. From equation (6), it can be
observed that the maximum value of the normal distribution
PDF is mainly determined by the error between the actual
observations and average estimation results, that is, it is related
to the parameters in the drift term. This implies that search
complexity may be different for each parameter. For example,
a good estimate of αn can be obtained by minimizing the gap
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Figure 2. Process of the IABC algorithm.

between ∆xn and αnTn, which is less influenced by the para-
meters in the diffusion term. Furthermore, some parameters
may also require more iterations to be adjusted by consid-
ering the error between the initial search space and optimal
results. Therefore, the improved method pays attention to the
change of parameters to set the appropriate selection probab-
ility, which is

Pd =


1
D , i = 1,3,5, . . .

|(θibest,d−θi−1
best,d)/θ

i−1
best,d|∑D

d=1|(θibest,d−θi−1
best,d)/θ

i−1
best,d|

, i = 2,4,6, . . .
, (11)

The specific iterative process of the algorithm is shown in
figure 2 and the details are described below.

(1) Search new solutions
{
θ ′i
n

}Nt
n=1

around
{
θi−1
n

}Nt
n=1

according to equation (10).
(2) Determine the solutions needed to be retained according

to the greedy selection method, and update θ ′i
n as

θ ′i
n =

 θi−1
n , l

(
θ ′i
n

)
< l
(
θi−1
n

)
θ ′i
n , l
(
θ ′i
n

)
⩾ l
(
θi−1
n

) . (12)

(3) Calculate the selection probability of each solution based
on its fitness. The fitness and selection probability of θ ′i

n
are computed as follows

Fn
(
θ ′i
n

)
= exp

 l
(
θ ′i
n

)
∑Nt

n=1

∣∣∣l(θ ′i
n

)∣∣∣
 , (13)

Pn
(
θ ′i
n

)
=

Fn
(
θ ′i
n

)
∑Nt

n=1Fn
(
θ ′i
n

) . (14)

(4) Based on the selection probabilities,Nt solutions
{
θ∗i
n

}Nt
n=1

are selected from
{
θ ′i
n

}Nt
n=1

using the roulette wheel

method. Subsequently, the final solutions
{
θin
}Nt
n=1

of the

i th iteration are generated from
{
θ∗i
n

}Nt
n=1

according to
equation (10).

(5) If the solution is not updated inCmax iterations, a new solu-
tion is regenerated according to equation (9) to replace the
original one.

The best solution θibest is selected as the optimal solution

θ̂i. Then, steps 1)-5) are repeated until ∥θ̂
i
− θ̂

i−1
∥ is less than

the preset threshold.

2.2.1. Parameter update. Since the degradation process dif-
fers among individuals, the unit-to-unit variability paramet-
ers of the online system must be updated by using its actual
degradation data. In known models, unit-to-unit variability
only appears in the degradation trend, and as a result, com-
monly used methods have been developed to update the unit-
to-unit variability parameter in the drift term [20, 21, 46].
However, in the proposed model, the unit-to-unit variability
parameter β in the diffusion term must also be updated. Here,
an AKF based on the MLE is introduced to synchronously
update the parameter α and β. The state-space equation can
be expressed as {

αk = αk−1

∆xk = Tkαk+Rk
, (15)

where∆xk = xk+1 − xk is state degradation value of the online
system from time tk to tk+1; Tk = Λ(xk, tk;θ)(tk+1 − tk); Rk ∼
N
(
0,β2

kκ
2
k

)
and κ2

k =
´ tk+1

tk
σ2 (τ ;θ)dτ .

Referring to the ensemble Kalman filter [47], the particles
{α̂n}Nn=1 obtained in the parameter estimation are used to
approximate the PDF of α. The parameter estimation results

{α̂n}Nn=1 and
{
β̂2
n

}N
n=1

are taken as the initial particles and

denoted by {αn,0}Nn=1 and {βn,0}Nn=1, respectively. According

to the principle of Kalman filter, the updated {αn,k}Nn=1 after
the k th iteration can be expressed as

αn,k = αfn,k+Kn,k
(
∆xk−Tkα

f
n,k+Rn,k

)
, (16)

with

Kn,k = PfkH
T
k

(
HkP

f
kH

T
k +β2

n,kκ
2
k

)−1
, (17)

5
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PfkH
T
k =

1
N− 1

N∑
n=1

(
αfn,k− ᾱfk

)(
Tkα

f
n,k−Tkᾱ

f
k

)
, (18)

HkP
f
kH

T
k =

1
N− 1

N∑
n=1

(
Tkα

f
n,k−Tkᾱ

f
k

)2
, (19)

where αfn,k = αn,k−1 is the predicted value of αn,k; ᾱ
f
k =∑N

n=1

(
αfn,k

)
/N; Rn,k ∼ N

(
0,β2

n,kκ
2
k

)
.

Subsequently,
{
β2
n,k

}N
n=1

can be updated by using MLE.
Suppose that the error sequence vn,k between the observations
and the updated results follows a multivariate normal distribu-
tion N(0,υn,k), where

vn,k = [∆x1 −T1αn,1, . . . ,∆xk−Tkαn,k]
T
, (20)

υn,k = diag
([
β2
n,1κ

2
1,β

2
n,2κ

2
2, . . . ,β

2
n,kκ

2
k

])
. (21)

The log-likelihood function of vn,k can be expressed as

l
(
β2
n,k|vn,k

)
=− k

2
ln(2π )− 1

2
ln |υn,k| −

1
2
vTn,kυ

−1
n,kvn,k. (22)

Then,
{
β2
n,k

}N
n=1

can be obtained by maximizing
equation (22). By ignoring the constant terms, the MLE prob-
lem becomes

β2
n,k = argmin

[
ln |υn,k|+ vTn,kυ

−1
n,kvn,k

]
. (23)

Considering the potential instability at the early stage of
degradation, a window of size W is used for data filtering.
Based on the principle of adaptive Kalman filter [48], β2

n,k can
be computed as

β2
n,k =

∑k
i=i0

HiPiHT
i +

∑k
i=i0

(∆xi−Tiαn,i)
2∑k

i=i0
κ2
i

, (24)

where i0 = k−W+ 1 is the starting index;

HiPiH
T
i =

1
N− 1

N∑
n=1

(Tiαn,i−Tiᾱi)
2 (25)

and ᾱk =
∑N

n=1 (αn,k)/N.

The median value ᾱk and β̄2
k of

{[
αn,k,β

2
n,k

]}N
n=1

after the k
th iteration are used as the final update results. Once a new
observation appears, new unit-to-unit variability parameters
are generated by using the proposed method. Thus, the model
canmore accurately reflect the current degradation trend of the
online machine.

2.2.2. RUL PDF calculation. The RUL of a mechanical
system is defined as the time when the state degradation
first exceeds the FT, which is called the first hit time (FHT).
According to the definition of FHT, the RUL at tm is expressed
as

lm = inf {l : x(tm+ l)⩾ λ|xm < λ} , (26)

where inf {·} represents the lower bound of a variable; lm is
the RUL at time tm; λ is the FT.

Since the system degradation is a random process, the RUL
lm is not a definite value. Lemma 1 provides the RUL PDF of
the degradation process {x(t) , t⩾ tm} under a fixed FT λ [18].

Lemma 1: for the degradation process {x(t) , t⩾ tm} shown
in equation (2), the RUL PDF under the conditions of initial
time tm and FT λ can be expressed as

f(l|xm,λ)∼=
1√

2πψ (l)

(
φ (λ, l)
ψ (l)

− dφ (λ, l)
dψ (l)

)
· exp

(
−φ

2 (λ, l)
2ψ (l)

)
dψ (l)
dl

, (27)

where φ (λ, l) = λ− xm−α
´ l
0Λ(x(τ + tm) , τ + tm;θ)dτ and

ψ (l) = β2
´ l
0 σ

2 (τ + tm;θ)dτ .
In practical applications, due to the decrease in the stability

of the degradation process and the influence of other uncertain
factors, the observations at the point of failure vary among dif-
ferent systems. To address this, it is more appropriate to con-
sider the FT as a random variable [49].

Assume that λ follows a truncated normal distribution
TN
(
µλ,σ

2
λ

)
, and the probability λ < 0 is truncated. To derive

the RUL PDF for the RFT, Lemma 2 is given below [35].
Lemma 2: if D∼ TN

(
µ,σ2

)
. F,G ∈ R,H ∈ R+, it exists

ED

[
(D−F)exp

(
− (D−G)2

2H

)]

=
1√

2πσΦ (µ/σ)
exp

(
− (µ−G)2

2(H+σ2)

)

×

[
Hσ2

H+σ2
exp

(
−
(
Gσ2 +Hµ

)2
2(H+σ2)Hσ2

)
+

√
2πHσ2

H+σ2

·
(
Gσ2 +Hµ
H+σ2

−F

)
Φ

(
Gσ2 +Hµ√
(H+σ2)Hσ2

)]
. (28)

By combining Lemma 1 with Lemma 2, when λ∼
TN
(
µλ,σ

2
λ

)
, the RUL PDF of the proposed model (as shown

in equation (2)) can be expressed as

6
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Figure 3. Procedure of the degradation process simulation.

f(l|xm) =
β2σ2 (l+ tm;θ)

2πH
√
HσλΦ (µλ/σλ)

exp

(
− (µλ −G)2

2
(
H+σ2

λ

))

×

[
Hσ2

λ

H+σ2
λ

exp

(
−
(
Gσ2

λ +Hµλ

)2
2
(
H+σ2

λ

)
Hσ2

λ

)
+

√
2πHσ2

λ

H+σ2
λ

·
(
Gσ2

λ +Hµλ

H+σ2
λ

−F

)
Φ

 Gσ2
λ +Hµλ√(

H+σ2
λ

)
Hσ2

λ

 ,
(29)

where

F= G−H
αΛ(x(l+ tm) , l+ tm;θ)

β2σ2 (l+ tm;θ)
, (30)

G= xm+α

ˆ l

0
Λ(x(τ + tm) , τ + tm;θ)dτ, (31)

H= β2
ˆ l

0
σ2 (τ + tm;θ)dτ. (32)

Since the state-dependent term is contained in
equation (29), it is difficult to calculate the RUL PDF dir-
ectly using the analytical formula. To solve this problem, the
DPS method is introduced for approximate processing [19].
The procedure of DPS is shown in figure 3. The specific steps
are as follows.

(1) At the initial time tm, Np simulation paths {xn (tm)}Npn=1
with the initial time tm and state xm are generated.

(2) The simulated data for each path are generated with the
actual observation interval as

xn (tm+ li+1) = xn (tm+ li)

+αnΛ(xn (tm+ li) , tm+ li;θ)∆li+ ξ i,
(33)

where xn (tm+ li) is the state of the n th simulation path at

time tm+ li
(
i ∈ N+, li =

∑i
j=1 ∆lj

)
; ∆li is the observa-

tion interval; ξ i ∼ U(−3εi,3εi) is a random noise, with

εi = sqrt
(
β2
n

´ li+1

li
σ2 (tm+ τ ;θ)dτ

)
.

(3) The 99% confidence interval (CI) of the FT is used as
the failure interval. Subsequently, step 2) is repeated until
the simulation path exceeds the upper bound of the failure
interval.

(4) The simulated data
{
x̃s1 , . . . , x̃sq , . . . , x̃sQ

}
in the fail-

ure interval are marked, where Q is the number of
RULs that can be observed in the failure interval; x̃sq ={
x̃sq(1), . . . , x̃sq(n), . . . , x̃sq(Nq)

}
denote the simulated data

at RUL lLq, and sq is an index vector indicating the path to
which the data belongs; Nq is the number of the data at lLq.

(5) The probability density pn (l= lLq) of lLq corres-
ponding to x̃sq(n) is calculated by substituting x̃sq(n)
into equation (29), and the state-dependent part is
approximately computed using the simulated path{
xsq(n) (tm) ,xsq(n) (tm+ l1) , . . . , xsq(n) (tm+ lLq)

}
, i.e.

ˆ lLq

0
Λ
(
xsq(n) (tm+ τ) , tm+ τ ;θ

)
dτ

=
∑Lq

i=1
Λ
(
xsq(n) (tm+ li) , tm+ li;θ

)
∆li. (34)

7
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(6) The mean probability density of x̃sq at lLq is taken as the
PDF calculation result of lLq and the expression is as fol-
lows:

f̂(lLq|xm)∼=

{ ∑Nq
n=1 pn(l=lLq)

Nq , Nq> 1
pNq (l= lLq) , Nq= 1

. (35)

The complete RUL PDF curve is obtained by integrating
the probability densities of {lL1, lL2, . . . , lLQ}.

3. Experiment

3.1. Case 1: experiment on C-MAPSS dataset

To validate the effectiveness of the proposedmodel, the NASA
commercial modular aero-propulsion system simulation (C-
MAPSS) turbofan engine dataset is used in this case for
RUL prediction [50]. This dataset consists of four subsets
(FD001,…, FD004), each of which has different engine oper-
ating conditions and failure modes. The subset FD001 with
single operating condition and failure mode is selected as
the experimental dataset. It contains 26-dimensional data of
100 engines, including the engine number, operating cycle,
three operating conditions and monitoring data of 21 sensors.
Figure 4 shows the raw data from the sensors used to construct
the health indicator (HI).

Since a single sensor has a limited reflection on the system
degradation, a weighted fusionmethod is used to obtain a com-
prehensive HI [51]. For modeling convenience, the HI should
be monotonically varying and has small volatility. Meanwhile,
the data differences of HIs at the failure time should be reduced
to avoid large uncertainty of the FT. Considering the above
factors, the fusion weight of each sensor can be obtained by
optimizing the objective function as follows:

ω̂ = argmax
ω

1
4

[
N∑
n=1

(
corr(Hn)

N
+

mon(Hn)

N
+

rob(Hn)

N

)
+con(H1, . . . ,HN)] , (36)

where ω = [ω1, . . . ,ωNs]
T and Ns is the number of sensors;

Hn is the HI degradation data of the n th specimen; corr(·),
mon(·), rob(·), and con(·) represent the time correlation,
monotonicity, robustness, and consistency indicator, respect-
ively, which are used to measure the quality of HI.

Figure 5 shows the HI trajectories of the 30 engine speci-
mens in FD001. Because the values of each specimen at the
failure time are different, the RFT is adopted. By introducing
state-dependent and time-varying terms into the power func-
tion model, the following age- and state-dependent WPM is
established as the degradation model:

x(t) = xm+α

ˆ t

tm

(
ax(τ)+ bτ b−1

)
dτ +β

ˆ t

tm

√
cτ + ddB(τ) ,

(37)

where α and β are the unit-to-unit variability parameters; θ =
[a,b,c, d]T are the fixed parameters.

The model parameters are estimated according to the
method mentioned in section 3. To assess the perform-
ance of the IABC algorithm, the commonly used Nelder–
Mead algorithm is also introduced for comparison. The ini-
tial parameter value ranges for these two methods are con-
sistent. The log-likelihood functions and computation times
of 100 estimation experiments are shown in figure 6. From
the experimental results, the average estimation results and
required time of the IABC algorithm are better than those
of the Nelder–Mead algorithm, which indicates that the
IABC algorithm is more stable and performs better. By con-
trast, the Nelder–Mead algorithm is more likely to fall into
a local optimum when the initial values are not chosen
appropriately.

According to the FTs of the training specimens, the RFT
is set to TN(3.76, 0.012) for RUL estimation. One of the
remaining engines from FD001 is randomly selected as the
test specimen. As shown in figure 7, with the updating of
α and β, the predicted RUL is getting closer to the actual
RUL. These results illustrate the effectiveness of the para-
meter update and RUL estimation methods proposed in this
paper.

Subsequently, to verify the performance of the proposed
model and method, models with improved diffusion terms are
selected for comparison [19, 29, 52]. The three types of mod-
els, namely M1, M2, and M3, are shown below:


x(t) = xm+µ

´ t
tm
aτ a−1dτ +

´ t
tm
bdB(τ c) M1,

x(t) = xm+µ
´ t
tm
aτ a−1dτ +

´ t
tm

√
bµdB(τ) M2,

x(t) = xm+µ
´ t
tm
x(τ)adτ +

´ t
tm

√
b+ cτdB(τ) M3

.

(38)

Note that, µ denotes a random variable that follows a nor-
mal distribution in M1 and M2. M1, M2, and M3 use the
Bayesian method, Kalman filter, and particle filter, respect-
ively, to update the model. First, to analyze the performance
of the differentmodels, the Akaike information criterion (AIC)
evaluation index is introduced. As shown in table 1, the AIC of
the proposed model for the C-MAPSS dataset is smaller than
those of the other models, which indicates that the proposed
model has a better fitting performance (the smaller the AIC,
the better the model performance).

To further verify the superiority of the proposed method,
three engines, S1, S2, and S3, with distinctly different degrad-
ation rates (S1 >S2 >S3) are selected as test specimens.
Figure 8 shows the RUL PDFs of S1, S2, and S3 at 3/4 life-
cycle, and figure 9 gives the mean prediction results of RUL.
It can be seen from these two figures that the proposed model
performs better in specimens with different degradation rates,
which can take into account both higher accuracy and less
randomness. In addition, the total mean square error (TMSE)
is introduced to evaluate the prediction accuracy of different
methods. The smaller the TMSE, the higher the accuracy of
the prediction model. As shown in table 2, the TMSEs of the
proposed model are the smallest, which indicates the predic-
tion results are more accurate.
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Figure 4. Raw data of the sensors in FD001.

Figure 5. HIs of the 30 C-MAPSS turbofan engines in FD001.

Figure 6. Parameter estimation experiment results of the engine specimens.
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Figure 7. RUL PDFs of the test specimen at different initial times.

Table 1. AICs of different models.

Dataset M1 M2 M3
Proposed
model

C-MAPSS −3.30 × 104 −3.26 × 104 −3.29 × 104 −3.33 × 104

XJTU-SY −2.66 × 103 −2.66 × 103 −2.60 × 103 −2.82 × 103

Figure 8. RUL PDFs of the three test engine specimens at 3/4 life-cycle: (a) S1; (b) S2; (c) S3.

Figure 9. Mean RUL prediction results of the different models for three test engine specimens: (a) S1; (b) S2; (c) S3.

3.2. Case 2: Experiment on XJTU-SY bearing dataset

The XJTU-SY bearing dataset [53] is also used in this section
to further validate the effectiveness of the proposed method.
The dataset contains the horizontal and vertical vibration sig-
nals of 15 bearings under three different working conditions.
Five bearings at the speed of 2250 r min−1 and the radial force
of 11 kN are selected as the experimental subjects. Figure 10

shows the raw signals of five experimental bearings. The FT
is set to 25 g. Since the vibration signal cannot directly reflect
the bearing degradation, indicators such as peak, root mean
square, and frequency domain average amplitude are extracted
to construct a new comprehensive HI by using the weighted
fusion method introduced in Case 1. The HIs of the bearing
specimens from the beginning of degradation are plotted in
figure 11.

10
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Table 2. TMSEs of different models for the engine specimens.

Specimen M1 M2 M3 Proposed model

S1 4.01 × 103 1.33 × 103 1.57 × 103 6.59 × 102

S2 9.28 × 103 5.49 × 102 2.85 × 105 1.73 × 102

S3 6.30 × 104 6.40 × 103 7.13 × 103 6.27 × 103

Figure 10. Raw signals of the five experimental bearings.

Figure 11. HIs of the five bearing specimens.

Equation (37) is used as the degradation model. Figure 12
shows experimental results of parameter estimation for the
bearing specimens. As can be seen from figure 12, for the bear-
ing dataset, the average estimation results and calculation time
of the IABC algorithm are still better than those of the Nelder–
Mead algorithm. In addition, it can be seen from table 1 that
the AIC of the proposed model is the smallest, which indicates
that it has the best performance.

Subsequently, as in Case 1, three test specimens are selec-
ted to validate the prediction effect of the proposed method.
The RUL PDFs of the three test specimens at 3/4 life-cycle
and the mean RUL prediction results of the different mod-
els are revealed in figures 13 and 14, respectively. Combining
figures 13 and 14, it can be observed that the proposed
model has a better prediction effect. Moreover, the TMSEs
of the proposed model in the test specimens are also the

Figure 12. Parameter estimation experiment results of the bearing
specimens.

smallest, as shown in table 3. In conclusion, the predic-
tion model and method proposed in this paper exhibit better
performance.

4. Conclusion

An improved age- and state-dependent WPM is proposed in
this paper for RUL prediction. The general expression of this
model is first established by introducing the time-varying dif-
fusion coefficient with unit-to-unit variability. Then, the IABC
algorithm combined with the MLE is introduced for the multi-
parameter estimation of the complex degradation model. For
parameter updating, an AKF-based method is proposed to
update the unit-to-unit variability parameters. In addition, for
RUL prediction under the RFT, the analytical expression of
the RUL PDF is first derived, and then, the PDF is approxim-
ately calculated by the DPS method. Finally, to verify the pro-
posed prediction model and method, the C-MAPSS turbofan
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Figure 13. RUL PDFs of the three test bearing specimens at 3/4 life-cycle: (a) S1; (b) S2; (c) S3.

Figure 14. Mean RUL prediction results of the different models for three test bearing specimens: (a) S1; (b) S2; (c) S3.

Table 3. TMSEs of different models for the bearing specimens.

Specimen M1 M2 M3 Proposed model

S1 1.70 × 103 7.31 × 103 1.70 × 104 1.14 × 103

S2 1.68 × 103 3.61 × 103 1.14 × 103 98.14
S3 2.21 × 104 2.52 × 103 1.46 × 104 2.31 × 103

engine dataset and XJTU-SY bearing dataset are used in the
experiment. The results represent that the proposed prediction
model and method have better performance.
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